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Abstract. Let F = (FijFz) : C 2 -> C 2 be a polynomial automorphism. It is well know that 
dcgFi|degF 2 or deg F 2 1 deg Fi . On the other hand, if (di,<fe) e = (N \ {0}) 2 is such that di|d 3 or 
<f2|di, then one can construct a polynomial automorphism F = (Fi, F2) of C 2 with degFi = di and 
deg F2 = d'z. 

Let us fix w = (u>i,u>2) S and consider the weighted degree on C[a!, j/] with deg w x = wi and 
deg m y = t«2- In this note we address the structure of the set {(deg m Fi, deg w F2) : (Fi,Fz) is an 
automorphism of C 2 }. 

1. Introduction 

Let us fix n-tuple w — (u>i, . . . , w n ) G N™ = (N \ {0})". In this note we will write deg/i for the usal 
total degreee of a polynomia h € C[x±, . . . , x n ) and deg w h for the weighted degree of h with respect to w, 
where 

(1) deg M h = max {ctiWi + • • • + a n w n : c a ^ } 
for 

(2) h= J2 C « X T 

o=(ai,...,a„)6N™ 

In other words, we assume that deg^ X\ = w±, . . . , deg^, x n = w n . 

If F — : C" — > C™ is a polynomial mapping, then by multidegree of F we mean the 

following n-tuple mdeg-F = (deg/i, . . . ,deg/„) 6 N n and by the weighted multidegree of F with respect 
to the weight w we mean the following one mdeg^ F — (deg w f%, . . . , deg„, /„) G N™. Sometimes, when 
n = 2, mdeg-F is also called bidegree of -F and mdeg^ F is called weighted bidegree of -F. 

Let us recall that a polynomial automorphism _F of C™ is called tame if it can be obtained as a 
composition of affine and triangular automorphisms. As usual a mapping G — (G*i, . . . , G n j ■ ^ n — ^ ^ n 
is called affine if degG; = 1 for i = 1, . . . n, and a mapping H — (Hi, . . . , H n ) : C™ — > C" is called 
triangular if for some permutation a of {1, . . . , n} we have -ff<j(i) = Cj • + /i^ for i = 1, . . . , n and some 
c, e C* = C\ {0}, hi G C[a; <T ( 1) , . . . , a^i-i)]- 

In what follows we will write Aut (C™) for the group of the all polynomial automorphisms of C" and 
Tame (C n ) for the subgroup of Aut (C™) containing all the tame automorphisms. Then, one can consider 
two functions (also denoted mdeg and mdeg lu ) mapping Aut (C™) into N™. It is well-known [HE] that 

(3) mdeg (Aut (C 2 )) = mdeg (Tame (C 2 )) = {(d u d 2 ) GN 2 + : di\d 2 or d 2 \dx}. 
Since Aut (C 2 ) = Tame (C 2 ), we obviously have 

(4) mdeg,, (Aut (C 2 )) = mde gtu (Tame (C 2 )). 

This note address the structure of the above set. Namely we show the following 
Theorem 1.1. Let w — (w\, w 2 ) £ N+. Then the set mdeg w (Aut(C 2 )) is equal to 

{(di, d 2 ) G (wiN+) 2 : d\\d 2 or d 2 \di, max{di, d 2 } > w, min{di, d 2 } < u; => min{di, 1^2} = w } 
U {(di, d 2 ) G (W2N+) 2 : d\\d 2 or d 2 \di, max{<ii, d 2 } > w, min{<ii, d 2 } < w min{di, d 2 } = w } 
U {(wi,w 2 ), (w 2 ,wi), (w,w)} , 
where w :— max{wi, w 2 } and w := min{u>i, w 2 }. 



Notice that if w\ — W2, then the set given on the right-hand side of the above equality is equal to 
{(di,<i 2 ) G (wiN + ) 2 : di\d.2 or d 2 \di }. In particular, for (wi,w 2 ) = (1, 1), one obtain the equality 

For information about multidegrees of tame and wild automorphisms of C 3 see [2ll4ll5ll6ll7ll8ll9^ IT0lll"2] . 

2. Lenght of F g Aut (C 2 ) and the weighted bidegree 

In this section we show that mdeg^ (Aut (C 2 )) is contained in the set given on the right-hand side of 
the equality of Theorem ll.il More precisely we show Theorems 12.31 and 12.41 below, but we start with the 
following 

Proposition 2.1 (see e.g. Prop. 9.2]). If F G Aut (C 2 ) , then there is a number I G N (possibly zero), 
affine automorphisms L\, L2 of C 2 and triangular automorphisms T\, . . . ,TJ of the forms 

(5) T i :C 2 3(x,y)^(x,y + f i (x))eC 2 for i = 1,3, ... , 

(6) T l :C 2 3(x,y)^(x + f l (y),y)eC 2 for i = 2, 4, . . . , 
with deg fi > 1 , such that 

F = L-2 o Ti o • • • o T\ o L\ . 

Moreover, the number I is unique, and one can require that Ti, i = 1, . . . , I, are of the form |5|) for even 
i and of the form (0|) for odd i. 

Definition 2.2 (see e.g. [TJ p. 612]). Let F G Aut (C 2 ) be a polynomial automorphism. The number I 
from Proposition \2.1\ is called the length of F and denoted length F. 

Now, we are in a position to prove Theorems 12.31 and 12.41 

Theorem 2.3. Let us fix w = {w 1 ,w 2 ) G N+. If F : C 2 C 2 is a polynomial automrphism with 
length F < 1, then the weighted multidegree mdeg w F is an element of the following set 

{(wi, kw\), (kw\,wi), (kwi, kwi) : k G N+ and kw\ > W2} 

U {(w2, kw2), (kw2,W2), (ku)2, kw2) ■ k G N+ and ku>2 > Wi} 

U {{w 1 ,w 2 ),(w 2 ,wi),(w,w)} , 

where w := max{u>i, ^2}- 

Proof. If lengths = 0, then F is affine and so one can easy check that rndeg^ F belongs to 

{(Wl, life), (W2,1i)l), (w,w)} . 

Assume that lengthF = 1. By Proposition 12. II we can assume that F = L 2 o T o L%, where L\, L2 are 
affine automorphisms and T is of the form 

(7) T:C 2 3{x,y)^{x,y + f{x))eC 2 , 
with deg / > 1. 

We have three cases: (I) mdeg^ L\ — iw\,W2), (II) nrdeg^, L\ = {w 2 ,w\) and (III) mdeg,^ L\ = (w, w). 
Thus we have 

{(wi,max{wi - deg/, 102}), for case (I), 
(w 2 ,max{«)2 ■ deg / , Wi}), for case (II), 
(w,w ■ deg/), for case (III). 

Since L 2 is affine, it follows that (di,d 2 ) := mdeg,,, F — mdeg^, (L\oToL\) belongs to {(fci, k 2 ), {k%, k\), (k, k)}, 

where k := maxjfci, k2}. Thus, we have: 

Case (I). If max{wi ■ deg/, u^} = w 2 , then (fci,fc 2 ) = (101,102) and so (di,d 2 ) belongs to 
{(wi,w 2 ), (w 2 ,wi), (w2,w 2 )} else (ki,k 2 ) = (wi,Wi ■ deg/) and so (di,d 2 ) belongs to {(wi,Wx ■ 
deg/), {wi ■ deg/,wi), (wi ■ degf,wi ■ deg/)}. 

Case (II). If max{w 2 • deg/, w 2 } = »i, then (k 1 ,k 2 ) = (w 2 ,wi) and so (di,(i 2 ) belongs to 
{(wi,w 2 ), (w 2 ,wi), (wi,w-l)} else (ki,k 2 ) = (w 2 ,W2 ■ deg/) and so (d\,d 2 ) belongs to {{w 2 ,w 2 ■ 
deg/), (w 2 ■ deg/, w 2 ), {w 2 ■ deg/, w 2 • deg/)}. 
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Case (III). If to = toi, then (fa, fa) — (wi,wi • deg/) and so (di,d 2 ) belongs to {(tOi,t0i • 
deg/), (u>i ■ deg/,wi), (wi • deg/, wi • deg/)} else to = to 2 , (fa, ha) = (w 2 ,w 2 ■ deg/) and so 
(di,d 2 ) belongs to {(w 2 ,to 2 • deg/), (to 2 • deg/,to 2 ), (w 2 • deg f,w 2 • deg/)}. 
Thus the result follows. □ 

Theorem 2.4. Let us fix to = (toi,to 2 ) G N 2 .. J/ F : C 2 C 2 is a polynomial automrphism with 
length F > 2, i/ien ifte weighted multidegree mdeg w F is an element of the following set 

{(d\, d 2 ) G (toiN+) : min.{di, d 2 } > max{tox, to 2 } cmd(di|d 2 or d 2 |di )} 
U {(di, d 2 ) G (w 2 N+) 2 : min{di, d 2 } > max{tOi, w 2 } and (d\\d 2 ord 2 |di)}. 
In particular \mdeg w F\ > \w\ when length F > 2. 

Proof. Let / := length F. By Proposition 12 . 1 1 we can assume that 

F = L 2 o Ti o • • • o T\ o L\ , 
where L\ , L 2 are afhne automorphism of C 2 and T\ , . . . , 7] are triangular automorphisms of the forms 

(9) T l :C 2 3(x,y)^(x,y + f l (x))eC 2 for* = 1,3,..., 

(10) T l :C 2 3(x,y)^(x + f l (y),y)eC 2 for * = 2, 4, . . . . 

Let (fci,/c 2 ) := mdeg^, (T% o LjJ. By (|8]), we have that fc 2 > fci, fc 2 > max{tui, w 2 } and fc 2 G wiN+ U 
w 2 N+. It is easy to see that 

(11) mdcg„ (T 2 o Ti o Li) = (fa ■ deg / 2 , fa) 
and for / > 2 

f ( fc 2 n'=2 de § fi > fa 111=2 deg fi), for even Z, 

(12) mdeg w (T l o...oT 1 oL 1 ) = i 

[ (fa Ui=2 de S fi ' fc 2 ]li= 2 de g fi) > for odd L 

Thus 

(13) rndcg^, (i 2 o T ; o • • • o Ti o £ x ) £ {(ra 1 ,m 2 ), (m 2 ,m 1 ), (m 2 ,m 2 )}, 

where mi := fc 2 Ili= 2 de S/i and m 2 : = IIi= 2 de S f° r ' > 2, and mi := fc 2 and m 2 := fadegf 2 for 
Z = 2. Hence, the result follows. □ 

3. Examples 

Let Z denotes the set given in Theorem 11.11 By Theorems 12.31 and 12.41 in order to proof Thoerem 
11.11 it is enough to show an example of automorphism F G Aut (C 2 ) with mdeg^, F — (d\, d 2 ) for each 
(di,d 2 ) G Z. 

Without lose of generality we can assume that toi < to 2 . First consider the case w\ — w 2 . Take any 
(d\,d 2 ) G Z. Since to 2 |di and to 2 |d 2 , it follows that one can take 

!T 2 oTi, for di < d 2 , 
f a of!, tord 1 >d 2 , 
L o T\ , for di = d 2 , 

where T x (x,y) = (x + y~ ,y), T 2 (x,y) = (x,y + x~, Ti(x,y) = (x,y + x^), T 2 (x,y) = (x + y~,y) and 
L(x,y) = (x,y + x). 

Now, consider the case toi < w 2 and take any (di,d 2 ) G Z. If (di,d 2 ) G (u; 2 N+) 2 , then one can take 

f T 2 oTi, fordi <d 2 , 
(15) F = I % o fi o L, for di > d 2 , 

[ L o T\ , for di = d 2 , 

where 7i, T 2 , T\,T 2 and 1/ are defined as in the case W\ — w 2 , and L(x, y) = (y, x). 
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If (dijtfc) G (wiN+) 2 , then we have two cases: (I) min-fdi,^} > and (II) minjdi,^} = w\. In 
case (I) one can take 

!T 2 oTi, for d\ < d 2 , 
f 2 ofx, fordx>d 2 , 
L o T\ , for di = ^2 1 

^1 ^2 - ^2 - ^1 

where Ti(x,y) = (x,y + x™i ), T 2 (x,y) = (x + y d i ), T-i{x,y) = (x,y + x™i ), T 2 (x,y) = (x + y d ? ) and 
= (x + y,y). 
And, in case (II), we one can take 

{Ti, for di < d 2l 
LoT 2 , ioid 1 >d 2 , 
LoT\, for di = d 2 , 

where T ± (x,y) = (x,y + x w i ), T 2 (x,y) = (x,y + x w i ), i(a;,y) = (x + y,y) and L(x, y) = (y,x). 
Finally, if (d\,d 2 ) g {(ioi,^), (^2,^1), (^2,^2)}, then one can take 

(x,y), for (di,d 2 ) = (wi,w 2 ), 
CIS) /(a;,y) = ^ (y,^), for (t2i,cfe) = (w 2 ,wi), 

(x + y,x) for {di,d 2 ) = (w 2 , w 2 ). 
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